Corrigendum to “Hardy Sobolev spaces on strongly Lipschitz domains of Rn” [J. Funct. Anal. 218 (2005) 54–109]  by Auscher, Pascal et al.
Journal of Functional Analysis 253 (2007) 782–785
www.elsevier.com/locate/jfa
Corrigendum
Corrigendum to “Hardy Sobolev spaces on strongly
Lipschitz domains of Rn”
[J. Funct. Anal. 218 (2005) 54–109]
Pascal Auscher a, Emmanuel Russ b,c,∗, Philippe Tchamitchian b,c
a Université de Paris-Sud, UMR du CNRS 8628, 91405 Orsay Cedex, France
b Université de Paul Cézanne, Faculté des Sciences et Techniques de Saint-Jérôme,
Avenue Escadrille Normandie-Niémen, 13397 Marseille Cedex 20, France
c LATP, CNRS, UMR 6632, France
Available online 21 March 2007
We provide a correct proof of Lemma 8, assertion (b), as the argument we gave does not yield
the desired conclusion. To make this note self-readable, let us briefly recall some notations. Let
Ω ⊂ Rn be a strongly Lipschitz domain. For all x ∈ Ω , let Fx(Ω) be the space of all functions
= (1, . . . ,n) ∈ L∞(Rn,Cn), whose distributional divergence is a bounded function in Rn,
supported in a cube Q of Rn centered in Ω and containing x, with
‖‖∞ + lQ‖div‖∞  1|Q| .
For all x ∈ Ω , define
Gx(Ω) =
{
 ∈ Fx(Ω); .ν = 0 a.e. on ∂Ω
}
,
where ν denotes the outward unit normal vector. Observe that, since both  and div are
bounded, .ν is well-defined in L∞(∂Ω).
Say that a measurable function f belongs to L1c(Ω) if, for all compact subset K ⊂ Rn,∫
K∩Ω |f (x)|dx < +∞. If f ∈ L1c(Ω), define, for all x ∈ Ω ,
M(1)f (x) = sup
∈Fx(Ω)
∣∣∣∣
∫
Ω
f (y)div(y) dy
∣∣∣∣,
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∈Gx(Ω)
∣∣∣∣
∫
Ω
f (y)div(y) dy
∣∣∣∣.
In our paper, we proved and used the following lemma:
Lemma 8.
(a) There exists C > 0 such that, for all f ∈ L1c(Ω) and all u ∈D(Ω,Cn),
∣∣∣∣
∫
Ω
f (x)div u(x) dx
∣∣∣∣ C
∫
Ω
N(1)f (x)
∣∣u(x)∣∣dx.
(b) There exists C > 0 such that, for all f ∈ L1c(Ω) and all u ∈D(Rn,Cn),
∣∣∣∣
∫
Ω
f (x)div u(x) dx
∣∣∣∣ C
∫
Ω
M(1)f (x)
∣∣u(x)∣∣dx.
Proof of (b). For all ε > 0, write
Ωε =
{
x ∈ Rn; d(x,Ω) < ε}.
Since Ω is strongly Lipschitz, there exist open sets V0,V1, . . . , Vm ⊂ Rn and ε0 > 0 with the
following properties:
(i) Ωε0 ⊂
m⋃
j=0
Vj ,
(ii) V0 is compact and included in Ω ,
(iii) for each 1  j  m, there exists an open set Ω+j ⊂ Rn, which is the image of a special
Lipschitz domain under an orthogonal transformation, such that ∂Ω ∩ Vj = ∂Ω+j ∩ Vj and
Ω ∩ Vj = Ω+j ∩ Vj .
For each 1 j m, set Ω−j = Rn \ Ω+j and let Rj :Rn → Rn be a bilipschitz reflection across
∂Ω+j such that Rj (Ω
+
j ) = Ω−j . For all ε ∈ (0, ε0), one has
Ωε \ Ω ⊂
m⋃
j=1
(Ωε \ Ω) ∩ Vj .
Moreover, there exists ε′0 ∈ (0, ε0) such that, for all ε ∈ (0, ε′0), all 1 j m and all y ∈ (Ωε \
Ω) ∩ Vj , Rj (y) ∈ Ω and
∣∣Rj(y) − y∣∣ Cd(y,Ω) (1)
where C > 0 only depends on Ω .
784 P. Auscher et al. / Journal of Functional Analysis 253 (2007) 782–785For all x ∈ Rn and r > 0, let B(x, r) denote the Euclidean ball centered at x with radius r .
Fix a function ψ ∈D(Rn) supported in B(0,1) with ∫
Rn
ψ(x)dx = 1 and, for all ε > 0 and all
x ∈ Rn,
ψε(x) = ε−nψ
(
x
ε
)
.
Since, for all ε > 0, ψε is supported in B(0, ε), one has
∣∣∣∣
∫
Ω
f (x)∂iui(x) dx
∣∣∣∣=
∣∣∣∣ lim
ε→0
∫
Rn
(∫
Ω
f (x)∂iψε(x − y)dx
)
ui(y) dy
∣∣∣∣
=
∣∣∣∣ lim
ε→0
∫
Ωε
(∫
Ω
f (x)∂iψε(x − y)dx
)
ui(y) dy
∣∣∣∣
 lim
ε→0
∫
Ωε\Ω
∣∣∣∣
∫
Ω
f (x)∂iψε(x − y)dx
∣∣∣∣∣∣ui(y)∣∣dy
+
∫
Ω
∣∣∣∣
∫
Ω
f (x)∂iψε(x − y)dx
∣∣∣∣∣∣ui(y)∣∣dy.
On the one hand, since 1
C′ ψε(. − y) ∈ Fy(Ω) for all y ∈ Ω and all ε > 0, where C′ > 0 only
depends on the function ψ , one has
∫
Ω
∣∣∣∣
∫
Ω
f (x)∂iψε(x − y)dx
∣∣∣∣∣∣ui(y)∣∣dy  C
∫
Ω
M(1)f (y)
∣∣ui(y)∣∣dy. (2)
On the other hand, for all ε ∈ (0, ε′0),
∫
Ωε\Ω
∣∣∣∣
∫
Ω
f (x)∂iψε(x − y)dx
∣∣∣∣∣∣ui(y)∣∣dy 
m∑
j=1
∫
(Ωε\Ω)∩Vj
∣∣∣∣
∫
Ω
f (x)∂iψε(x − y)dx
∣∣∣∣∣∣ui(y)∣∣dy,
and, for all 1 j m and all y ∈ (Ωε \Ω)∩Vj , 1C′′ ψε(.− y) ∈ FRj (y)(Ω), where C′′ > 0 only
depends on the constant C appearing in (1). It follows that
∫
Ωε\Ω
∣∣∣∣
∫
Ω
f (x)∂iψε(x − y)dx
∣∣∣∣∣∣ui(y)∣∣dy 
m∑
j=1
∫
(Ωε\Ω)∩Vj
M(1)f
(
Rj (y)
)∣∣ui(y)∣∣dy.
Since M(1)f ∈ L1(Ω) and Rj is bilipschitz,
y 
→ M(1)f (Rj (y))∣∣ui(y)∣∣ ∈ L1((Ωε′ \ Ω) ∩ Vj ),0
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lim
ε→0
∫
(Ωε\Ω)∩Vj
M(1)f
(
Rj(y)
)∣∣ui(y)∣∣dy = 0 (3)
for all 1 j m. Thus, (2) and (3) end the proof of assertion (b) of Lemma 8. 
